We construct minimal smooth models of coarse moduli schemes of rational Drinfeld modules of rank 4 as well as their smooth compactifications.
Introduction
Moduli spaces of Drinfeld modules and shtukas regained a great interest after the beautiful Lafforgue's proof of the global Langlands conjecture for GL n over global function fields (cf. [6] ). The smoothness of toroidal Lafforgue compactification of the moduli stack of shtukas was crucial in his proof.
In this paper we study explicitly the "toy problem" of the smooth compactification of coarse moduli spaces M 4 (1) of rational Drinfeld modules of rank r = 4 (cf. [9] for the case r = 3). This moduli space is a toric threefold over A = F q [T ] . In section 3, we construct explicitly its minimal terminal model M 4 min (1) which is not smooth. However, it is possible to construct its desingularization M 4 ess (1) by essential divisors which is minimal in the sense of minimal volume of its shed. Finally, in section 5, we construct explicitly the minimal terminal and smooth compactifications M 4 min (1) and M 4 ess (1) of our course moduli scheme.
The results of this paper are also useful for the theory of complex multiplication of Drinfeld modules of higher rank [8, ch. 3] .
J-invariants of Drinfeld modules of rank 4
Let A = F q [T ] be the ring of polynomials over the finite field F q and K = F q (T ) its quotient field. Let L be a field equipped with a non-trivial morphism α L : A → L and E a Drinfeld module of rank 4 over L :
A coefficient a k , 1 k 4, is of weight q k − 1. The j-invariant is a triple:
In addition, we consider the following invariants (necessarily of weight zero) of isomorphism classes of Drinfeld modules:
and 
The j-invariant defines a finite flat covering:
This is a singular variety. Its singular locus can be easily described (cf. [9, ex. 4.7] ). Indeed, denote
is the coarse moduli subscheme of Drinfeld modules of type
that is, such that a 1 = a 3 = 0. 
It follows from the fact that Aut(E) = F * q 2 /F * q is non-trivial if j 1 (E) = j 3 (E) = 0 and the theorem on "purity of branch locus".
is an affine toric 3-fold and, therefore, can be described by a 3-dimensional rational polyhedral cone [2] . Namely, we fix a lattice N 3 of rank 3 and let N 3 * = Hom Z (N 3 , Z) be its dual. There exists a natural correspondence between 3-dimensional rational strictly convex polyhedral cones in N 3 * R and 3-dimensional affine toric varieties [2, 4, 7] . 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 000000000000 
is spanned by :
The cone spanned by 
Minimal terminal model
In this section we construct the minimal terminal model M 4 min (1) of M 4 (1) in the sense of Mori theory applied to the toric geometry [10] .
We denote Sk 1 σ the set of extremal rays of a simplicial cone σ and l σ a linear form on N Terminal points are necessarily integral points lying inside of the shed of σ. Their coordinates may be found by consecutive projections to the coordinates (x 1 , x 3 ) and (−x 3 , x 2 ). The projection on (x 1 , x 3 ) defines the two-dimensional cone
which is the rational cone of the surface M 4 (1) [1, 3] . The points (lq + 1, −l) for 0 l < q 2 + q + 1 are the only integral points strictly inside of the shed of this cone. They define the minimal desingularization of the surface M 4 (1)[1, 3] (cf. fig.4 ). Note that all these internal terminal points belong to the same line
The projection on (−x 3 , x 2 ) defines the two-dimensional fan
This is the dual fan of the weighted projective space
(over A) and this latter can be also considered as the (compactified) coarse moduli space M 3 (1) of Drinfeld modules of rank 3 [9, sect. 3]. The points (lq + 1, −l) for 0 l < q + 1 and the point (q, −1) are the only integral points strictly inside of the shed of this fan. These points give the minimal smooth compactification of the moduli surface M 3 (1) (cf. fig.5 ). Note that all internal terminal points (except for (q, −1)) belong to the line x 3 = qx 2 − 1. Combining these results, we get that a point (x 1 , x 2 , x 3 ) (distinct from the origin and lying strictly inside of the shed of σ M ) can be terminal only if it is (1, 0, 0), (q 2 + 1, −1, −q) or given by the relations 0 −x 2 q, x 3 = qx 2 − 1, and
On the one hand, an easy straightforward computation shows that points (3.5) lie above the hyperplane passing through e 1 , e 2 and e 3 . So they do not belong to the shed of σ M and can not be terminal. On the other hand, the rays (q 2 + 1, −1, −q) and (1, 0, 0) are terminal. The consecutive star subdivisions centered in these rays yield the shed represented on fig. 3 . This shed has a concave roof along internal walls (cf. [10] for exhaustive terminology). It follows from Reid's theorem [10, th. 0.2] that the corresponding variety is a minimal terminal model. Any other minimal model with terminal singularities should have the same shed. It is easy to check that the roof of our shed is strictly concave along internal walls and, consequently, the constructed minimal model is unique. followed by the star subdivisions centered in the rays 
Proof. Any smooth toric 3-fold corresponds to a regular fan, i.e. such that any cone is generated by a basis of Z 3 . Consequently, in order to find a smooth model of M 4 min (1), it is necessary to find a regular subdivision of the fan Σ min . Actually, we only need to find a regular subdivision of the fan generated by cones
and
The multiplicity µ σ q+1 of the cone σ q+1 is equal to q 2 + 1. In view of (
Prop. 2.6) there exists a unique point x σ q+1 of σ q+1 such that
In our case, the linear form l σ q+1 is given by :
We denote P q the point (q 3 + q + 1, −q, −q 2 − 1) and we obtain that
Using the procedure of G-desingularisation [1] , we should make a star subdivision centered in P q . More generally, for any 2 ≤ k ≤ q + 1, the multiplicity of the cone
is equal to µ σ k = (k − 1)q + 1. In addition, the point
is such that
In this way we obtain that the consecutive star subdivisions centered in P k for 1 k q are the first q steps of the G-desingularisation procedure.
We should now find regular subdivisions of the cones These are cones of multiplicity q. It is easy to notice that the points
14)
for any 2 l q if 1 k q and for any 1 l q − 1 if k = 0, are aligned for a fixed k and such that
Consequently, we have obtained the minimal desingularisation of M 4 (1) by essential divisors.
Minimal smooth compactificaion
Denote M 4 (1) the moduli space of Drinfeld modules of rank 4. On the one hand, it is easy to prove that this space is a canonical compactification of M 4 (1). On the other hand, it is easy to describe it in terms of toric geometry. 
is the coarse moduli scheme of rational Drinfeld modules of rank 4. The fan spanned by Indeed, it is easy to see (cf. [9, prop. 3.3] ) that the affine subvariety of In this way we obtain that the consecutive star subdivisions centered in Q k for 1 k q define the G-desingularisation of σ 0 .
Thus, we have found the minimal desingularization of M 4 (1)[j 3 = 0] and it finishes the proof.
